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Abstract. Let X be a complex space and T a coherent Ox-module. A T- 
(co)framed sheaf on X is a pair {£,(p) with a coherent Ojf -module £ and a 

morphism of coherent sheaves ip : T > £ (rcsp. ip : £ > JF). Two such pairs 

(£,(/?) and {£',ip') are said to be isomorphic if there exists an isomorphism of 

sheaves a : £ > £' with a o ip = ip' (resp. p' o a = p). A pair {£,<p) 

is called simple if its only automorphism is the identity on £. In this note 
we prove a representability theorem in a relative framework, which implies in 
particular that there is a moduli space of simple jr-(co) framed sheaves on a 
given compact complex space X. 



1. Introduction 

Let X be a complex space and J- a coherent Ox-niodule. By a T-coframed sheaf 
on X we mean a pair (f , if) with 

(a) f is a coherent Ox-niodule, 

(b) Lp : J- — > 5 is a morphism of coherent sheaves. 



(FoUowing |HL1|, |HL2|, a T-Jramed sheaf is duaUy a pair {£,ip) with £ as above 
and a morphism ip : £ — > J-.) Two such pairs {£,ip) and {£' ,ip') are said to be 
isomorphic if there exists an isomorphism of sheaves a : £ — > £' with a o ip = ip' . 
A pair {£, ip) is called simple if its only automorphism is the identity on £. The 
purpose of this note is to show that there is a moduli space of simple J^-(co) framed 
sheaves on a given compact complex space X. 

More generally, we will show the following relative result. Let X ^ S he a. 
proper morphism of complex spaces. By a family of J-'-coframed sheaves over S 
(or a ^-coframed sheaf on X/S in brief) we mean a J-"-coframed sheaf {£, ip) on 
X that is S-flat. Such a family will be called simple if its restriction to each fibre 
X{s) := f^^{s) is simple. 

We consider the set-valued functor P : Sing — > sets on the category of complex 
spaces over S such that P{T) (for T G 2tns) is the set of all isomorphism classes of 
simple JFj-coframed sheaves {£, ip) on Xt/T, where Xt := X x s T and Tt is the 
pullback of J- to Xt- The main result of this paper is 

Theorem 1.1. If X is cohomologically flat over S in dimension 0, then the functor 
P is representable by a (not necessarily separated) complex space. 

Thus, informally speaking there is a (relative) moduli space of jF-coframed 
sheaves on X/S. An inspection of the proof shows that the analogous result holds 
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for simple JF-framed sheaves provided that T is fiat over S. The reason that in 
the case of J-"-framed sheaves we need this additional assumption is that only in 



this case the functor Hom(f,jr) is known to be representable (see 2.3) whereas 
Hom(jr, is representable as soon as E is S'-fiat. 

Our main motivation for studying moduli spaces of ^-(co)framed sheaves is the 
following. In the case that T and E are locally free, a pair (f , Lp) as above is called 
a T-(co) framed vector bundle or holomorphic pair. Various types of holomorphic 
pairs over compact complex manifolds (e.g. the coframed ones with J- = Ox or the 
framed ones with arbitrary T, see |0T1], |0T2]) can be identified with solutions 
of so-called vortex equations via a Kobayashi-Hitchin type correspondence. On 
complex surfaces, these solutions can further be identified with solutions of Seiberg- 
Witten equations, and moduli spaces Ai^* of stable holomorphic pairs (which are 
open subsets of the moduli spaces A^" of simple ones) can be used to effectively 
calculate Seiberg-Witten invariants in several cases. 

It is important to notice that the set A^** a priori has two analytic structures. 
One is given by our result and makes it possible to determine M'^ using complex- 
analytic deformation theory. The other one, which is the one relevant in Seiberg- 
Witten theory, is given by a gauge theoretical description as in [ LL ] . But the main 
result of that paper is in fact that these two structures are indeed the same. 

Finally we mention that moduli spaces of stable .F-framed sheaves on algebraic 
manifolds have been constructed in |IIL1 |. 

Without a (co)framing, a moduli space of simple bundles was constructed in 



K0| and in a more general context in |FS]. In this paper we follow closely the 



method of proof in the latter paper. The main difficulty is to verify the relative 



representability of the general criterion 4.3 for the functor P in 1.1. For this we 



will show in Sect. 2 that the functor of endomorphisms of J-"-coframed sheaves is 
representable. In Sect. 3 we show the openness of the set of points where a coframed 
sheaf is simple. After these preparations it will be easy to give in Sect. 4 the proof 



of 1.1 



2. Preparations 
We start with an algebraic lemma. 

Lemma 2.1. Let R be a ring, L, M, N R-modules, and a : L — > M, (3 : L — > N 
R-linear maps. If K := coker((a, —(3) : L — > M ® N), then 

S{K) - §(M) ®s(L) HN) 

where we consider the symmetric algebras §(A'/), 'B{N) as S{L)-algebras via the 
maps §(a), S(/9). 

Proof. There are canonical maps M — > K and TV — > K given by 

m I— > residue class of(m, 0) , n i— > residue class of(0, n). 
These maps induce a commutative diagram 

§(L) §(A/) 



1{N) — ^{K) 
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and so, using the universal property of the tensor product, there is a natural map 

®s(L) SiN)^SiK). 

Conversely, to construct a natural map in the other direction, note that the first 
graded piece of §(M) ®s(l) S{N) is just {M ® N)/L = K, so there is an induced 
map 

It is easy to check that these maps are inverse to each other. □ 

Now let S' be a complex analytic space, and let Sln^ be the category of analytic 
spaces over S. Recall that for a coherent Os-module J- over S the linear fibre space 
V(J-') represents the functor 

F ■.%ns3T^ F{T) := Yiom{TT, Or) 



(see Q or | |EGA| , II 1.7]). Note that F{T) has the structure of a r(T, OT)-module. 
Moreover, if Q is another coherent Og-module and T > G{T) is the associated 
functor as above, then a transformation of functors F — * G will be called linear 
if F{T) — > G(T) is r(r, e'T)-linear for aU T G Sing. The reader may easily verify 
that there is a one-to-one correspondence between such linear transformations of 
functors and morphisms of sheaves Q — *■ J^. 

Proposition 2.2. Let H,F,G : 2lns — > sets be functors that are represented by 
linear fibre spaces '¥{Ti.),Y(J^),Y{Q) , respectively. Let H — > G and F — > G be 
linear morphisms of functors, and let K := H Xq F be the fibered product. Then 
K is represented by Y{JC) with 

K. := coker((a, ~f3) : G — >Hx T), 

where a : Q > Ji and (3 : Q — > J- are the morphisms of sheaves corresponding to 

H — >G andF — > G. 

Proof. The spaces Y{Ti.),Y{T),Y{Q) are the analytic spectra associated to the 
symmetric algebras E>{H),E:{!F),Y{Q), respectively, and H Xq F is represented by 
V(7Y) Xv(e) V(jr) which is the analytic spectrum of S{H) ^s{g) Hence we 

need to verify that there is a natural isomorphism 

S{n) 0s(e) §(^) ^§(/C), 

but this is a consequence of Lemma 2.1. □ 

Let / : X — > S" be a fixed proper morphism of complex spaces, and let £, T be 
coherent Ox-modules, where E is flat over S. Let 

H := Hom (J^, Z) : 2lns — > sets 

be the functor given by 

H{T) Homx^ (^T,fT), 

where Xt ■= X X5 T and Eti^t are the puUbacks of £,!F on Xt- We recall the 
following fact. 

Theorem 2.3. The functor H is representable by a linear fibre space over S. 
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For a proof see e.g. 3.2] or g|. 

Now let (f : T — > £ and (p' : T — > E' be fixed morphisms of coherent sheaves 
on X. Let us consider the functor 

M = Hom((£, (p), (f, (^')) : 2tns — > sets 

defined as follows: For T G Sins the elements of AI{T) are the pairs 

(c,a) e r(e'xi,) X Homjs:^(£:T,£'r) 

such that the diagram 

c-id 




commutes, i.e. such that c ■ ip' = 

Proposition 2.4. If Ox, £ and £' are flat over S, then M is representable by a 
linear fibre space V(A^) over S. 

Proof. By Theorem 2.3 the functors 

F Hom fg.gQ , H := Hom fCy.Cy) , G := Hom(J^, . 
are representable by linear fibre spaces over S. There arc natural maps 

H — !• G , c I— > c ■ ly?' , 

and 

F — 'r G , a a o ip . 

By definition we have 

M^F^gH, 

so the result follows from Proposition 2.2. □ 
An important property of the sheaf M in Proposition 2.4 is given by 

Lemma 2.5. The following are equivalent. 

(a) M. is locally free. 

(b) For every complex space T G Sing the canonical map 
f,{Hom{{£, (^0)) ®Os Ot fMnom{i£T, ifir), {£'t. v't))) 

is an isomorphism. 

Moreover, if one of these conditions holds then 

(1) M^[f4Hom{i£,ip),{£\ip'm\ 
Proof. First note that for every complex space T € 21ns we have 

(2) {MtY = fMnom{{£T, ^t), {£'t, v't)))- 

Applying this to the case T = S, (1) follows immediately from the assumption that 
M is locally free. Moreover, if (a) is satisfied we have 

^ ®Os Ot = f,{nom{i£, (^), {£', p'))) ®Os Ot , 

where for the last isomorphism we have used (1). Thus (b) follows. 

Conversely, assume that (b) holds. Using (1) we infer from the isomorphism in 
(b) that 

nom{MT,OT) = Hom{M,Os) ®Os Ot- 
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Applying this to T — {s}, s G S* a reduced point, it follows that the map 
Hom{M, Os) — > Hom{M, Os/m.) 



is surjective for every point s £ S. Using standard arguments (see e.g. [EGA, 7.5.2]) 
we conclude that the functor 7iom{A4, — ) is exact on the category of coherent Os- 
modules whence M. is locally free, as required. □ 

3. Simple JT-coframed sheaves 

As before let / : AT — s- S" be a proper morphism of complex spaces, and T a 
fixed Ox-module. We consider JT-coframed sheaves {£, (p) on X/ S, i.e. £" is a ^-flat 
coherent sheaf on X and (p : T — > 5 is a morphism of Ox-modules. 

Definition 3.1. {E.'p) is called simple at s £ S if its fibre (£{s),(p{s)) is simple, 
i.e. if 

Tis) ^ Sis) 

Hs) ^ £{s) 

is a commutative diagram, then a — c - idg^s). Moreover, {£, (p) is said to be simple 
over S if it is simple at every point. 

Notice that this definition of simpleness of {£{s), (p{s)) coincides with the one 
given in the introduction. Later on we will will need that the points s G S at which 

, If) is simple form an open set in S. For this we need the following considerations. 

By Theorem 2.3 and Proposition 2.4 there are coherent Og-modules H and Q 
such that 

Endfg, f) := Homffg, f), {£, (p)) and End(Ox) := HomfOy.Oy) 

are represented by Y{H) resp. V(^). Let 

d : Q — > H and b : H — > Q 

be the Os-linear maps associated to the canonical morphisms of functors 

a : Endfg, lp) — > End(Oy) , resp. b : End(Oy) — > Endfg, ifi) , 
(c, a) I — > c c I — > (c, c-idf) 

As a o 6 = idEnd(Ox) have bo d = idg. In other words, ^ is a direct summand of 
H so that H G ® Q' for some coherent sheaf Q' on S. 

Lemma 3.2. The following are equivalent. 

(1) {£,ip) is simple on S. 

(2) G' = 0. 

(3) The canonical morphism of functors b : End (Oy) — > End ff , g?) is an iso- 
morphism. 

Proof. The functor End ff (s), (p(s)) resp. End (OYU)) on the category 2ln of all 
analytic spaces is represented by 7i(s) resp. Gis). Thus {£{s),ip{s)) is simple 
if and only if G{s) = Ti-is) which is equivalent to the vanishing of G'is). Using 
Nakayama's lemma, the equivalence of (1) and (2) follows. Finally, the equivalence 
of (2) and (3) is immediate from the definition oi G' ■ □ 
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Corollary 3.3. If£ is S-flat, then the set of points s & S at which (i?,<^) is simple, 
is an open subset of S. 

Proof. The set of points s G S for which S'/tTis ■ Q' = is just the complement of 
the support of Q' and hence Zariski-open in S. Using Lemma |3.2| we get the desired 
result. □ 

Recall that a morphism / : X — > S of complex spaces is said to be cohomo- 
logically flat in dimension if it is flat and if for every s E S the natural map 
f*{Ox) — > f*{Ox(s)) is surjective. 

Corollary 3.4. // (£, (p) is simple and f : X — > S is cohomologically fiat in 
dimension 0, then f,,{Ox) is a locally free Os-niodule, and the functor End f£^, ip) 
is represented by V(/,(C'x)^)- 



Proof. The fact that ft,{Ox) is locally free over S*, is well known (see, e.g. [FS 
9.7]). Moreover, since (f , ip) is simple we have End(£, ip) = End fOy ). As 

{fTUOxT) = f*{Ox)®Os Ot 

we get 

YLomxAOxr.Oxr) = r{XT,Oxr) = HomTif^Ox)'' <S>Os Ot,Ot) , 
so the space V(/*(C'x)^) represents End(f , ip) as desired. □ 

4. Proof of Theorem 1.1 

An isomorphism of two J^-coframed sheaves (S, ip) and {£' , tp') is an isomorphism 
a : £ — > £' such that 

£ 

T 



commutes. We note that {£, ip) and {£' , ip') are isomorphic if and only if there is a 
pair 

(c,a) er{x,Ox)x noiax {£,£') 

such that 

(a) c is a unit in /♦(Ojc), 

(b) a is an isomorphism, 

(c) a o If = c ■ ip' . 

Notice that a simple pair {£,tp) has no automorphism besides idg. If is a 
reduced point then the converse also holds, i.e. {£, tp) is simple if and only if idg is 
its only automorphism. 

Theorem 4.1. Assume that X is cohomologically flat over S in dimension 0, and 
let {£,ip) and (£',(/?') be simple pairs. Then the functor 

^^:2tns^.ets,F(T):=( W ^) ^ (^', ^'), 

^ ' [ (/) otherwise, 

is representable by a locally closed subspace of S . 
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Proof. As the sheaf /* (Ox) is locally free over S we may assume that it has constant 
rank, say, r over Os- By Proposition 2.4 the functors 

M Hom ffg, ip), {£' , ip')) , M' := Hom((£', ip'), {£, tp)) 

are representable by linear fibre spaces V(7W) resp. V(7W), where M. and tM' 
are coherent /, (C'x)-inodules. If for some space T G Sing the pairs {£t,ipt) and 
{£^, pip) are isomorphic, then by Corollary 3.4 Mt and AA'j, are locally free Ot- 
modules of rank r on T. Thus applying |F£, 9.10] as in the proof of |F£, 9.9], we 
are reduced to the case that M and M' are locally free Og-modules of rank r. Let 
us consider the pairings 

M X M' — > End{£, p) , ((c, a), (d, 13)) ^ {cd, f3oa), 
M' X M — >'End{£',p') , ((d, /?), (c, a)) h-> (cd,ao/3); 

these correspond to pairings 
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Using Lemma 2.5 it follows as in the proof of 
represented by the open subset 

S' := S\ supp(coker(7) © coker(7')) 



9.9] that our functor F is 



□ 



Now we consider the groupoid ?P — > 21ns, where for T G 2lns the objects in 
^P(T) are the ^y-coframed sheaves {£, p) on Xt/T, where ip : Tt — > £ is Oxt 
linear. For {£,Lp) G CP(T) and G <|3(T'), a morphism (f, (^) 

a pair {f,a), where / : T' — > T is an S'-morphism and a : f*{£) 
isomorphism of coherent sheaves such that the diagram 

f'iv 



is 

£' is an 



n^^r) 



£' 



commutes. 



Proposition 4.2. 

(a) Every object (£o,<^o) V{s), s G S, admits a semiuniversal deformation, 
(h) Versality is open in *p. 

Proof. Let Sing be the groupoid where the objects over a space T G Stn^ 
are the coherent Ojf^-modules that are T-flat. As usual, given £ G and 

G 0(T'), a morphism f — > f in consists of a pair (/, a), where f : T' ^ T 
is an S'-morphism and a : f*{£) — > f is an isomorphism of coherent sheaves. 
Assigning to a pair {£, ip) the sheaf £ gives a functor *p 0. It is well known that 
there are semiuniversal deformations in (see pT| ] or |BK|) and that versality is 
open is (see e.g., [Fll]). 

The fibre of *P — > over a given object £ G 0.{T) is the groupoid CPg Slnr as 
explained in jBi, Sect. 10]. More concretely, given a space Z G Stn^, an object in 
over Z is a morphism 

(/? : T Oos Oz — >£ ®Ot Oz- 
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As the functor underlying is representable by Theorem 2.3 we get that the 
objects in ^£{t), t £ T, admit semiuniversal deformations and that versahty is 
open in Applying 10.12] gives the desired conclusion. □ 

Before proving the main theorem we remind the reader of the following criterion 
for the representability of a functor which we present for our purposes in the form 



as given in |FS, 7.5]; see also pil 3.1] or [KO, §2 



Theorem 4.3. A functor F : 21ns Stis is representable by a complex space over 
S (resp. a separated complex space over S) if and only if the following conditions 
are satisfied. 

(1) (Existence of semiuniversal deformations) Every oq G F(s), s £ S , admits a 
semiuniversal deformation. 

(2) (Sheaf axiom) F is of local nature, i.e. for every complex space T G Sln^ the 
presheafT D U i-^ F{U) on T is a sheaf. 

(3) (Relative representability) For every T G 21ns o,nd a, b £ F{T) the set-valued 
functor Equ(a, b) with 



Equ(a,6)(Z) := 



{1} if az = bz, 
otherwise, 



is representable by a locally closed (resp. closed) subspace ofT. 

(4) (Openness of versality) For every T G 2lns and a £ F(T) the set of points 
t £ T at which a is formally versal is open in T . 



Proof of Theorem 1.1. We will verify that the conditions (l)-(4) in Theorem 4.2 
are satisfied. (1) and (4) hold by Proposition 4.2. Moreover, (3) is just Theorem 
4.1, Finally, (2) holds as simple pairs have no non-trivial automorphism. □ 
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